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Abstract. We introduce a certain type of representations for the 
quantum Teichmiiller space of a punctured surface, which we call 
local representations. We show that, up to finitely many choices, 
these purely algebraic representations are classified by classical geo- 
metric data. We also investigate the family of intertwining oper- 
ators associated to such a representations. In particular, we use 
these intertwiners to construct a natural fiber bundle over the Te- 
ichmiiller space and its quotient under the action of the mapping 
class group. This construction also offers a convenient framework 
to exhibit invariants of surface diffeomorphisms. 



The classical Teichmiiller space 7{S) of a surface S is the space 
of complex structures on the surface and, as such, is ubiquitous in 
mathematics. When S has negative Euler characteristic, the Uni- 
formization Theorem also identifies 7{S) to the space of complete hy- 
perbolic metrics on S, which embeds 7(5*) in the space of group homo- 
morphisms from the fundamental group 7ri(S') to the isometry group 
Isom''"(]HI^) = PSL2(M). This gives the Teichmiiller space a more alge- 
braic flavor. 

For a punctured surface S, the quantum Teichmiiller space Tl is a 
non-commutative deformation of the algebra of rational functions on 
the classical Teichmiiller space T(S'), depending on a parameter g G C*. 
This is a purely algebraic object, completely determined by the com- 
binatorics of the Harer-Penner complex of all ideal cell decompositions 
of the surface. It was originally introduced by V. Fock and L. Chekhov 
[ISl US] and, independently, by R. Kashaev [2T]. We are here using 
a variation of their original approach, the exponential version of the 
quantum Teichmiiller space, which is better suited to mathematical 
applications; see [25] . The main advantage of this exponential ver- 
sion is that, when g is a root of unity, it admits an interesting finite 
dimensional representation theory. Irreducible (and suitably defined) 
representations of the quantum Teichmiiller space were investigated in 
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Irreducible representations clearly were the natural object to look at 
in a first analysis. In this paper, we introduce and investigate a differ- 
ent type of representations, called local representations. These are at 
first less natural, but they have a few advantages over irreducible repre- 
sentations. One of them is that they are simpler to analyze. However, 
their main interest is that they are related to other mathematical ob- 
jects, such as Kashaev's 6j-symbols [21] and the invariants of knots and 
3-dimensional manifolds subsequently developed by Kashaev [221 ESj , 
Baseilhac and Benedetti [SI El El E] • See [HE] for these connections. 

Altogether, the theory of local representations of the quantum Te- 
ichmiiller space closely shadows the analysis of irreducible representa- 
tions in [12]. For instance, our main result is the following theorem, 
proved as Theorem [T9] in ^ which states that a local representation is 
classified by certain classical geometric data, plus a choice of some root 
of unity. Comparing this statement with the very similar Theorems 2 
and 3 of [T2|, the reader will notice that the assertion is here somewhat 
simpler to state, and that its proof is also simpler. In particular, it does 
not use the fine analysis of the algebraic structure of the Chekhov- Fock 
algebra of [HI §§2-3] 

Theorem 1. Let S he a punctured surface obtained by removing p ^ 1 
points from a closed oriented surface S. Let be a primitive N- 
th root of = (—1)^+-'^ (for instance q = —e™^^). Then, a local 
representation of the quantum Teichmiiller space of S is classified by: 

(1) a group homomorphism r: tti{S) Isom^(H^) from the funda- 
mental group of S to the isometry group of the 3-dimensional 
hyperbolic space M.^; 

(2) for each peripheral subgroup vr of the fundamental group tti{S) 
(corresponding to one of the punctures), the choice of a point 
C,Tr of the sphere at infinity c^ooH^ that is fixed by r(7r); 

(3) the choice of an N-th root h E C* for a certain number 
associated to r and to the points 

Not every group homomorphism r: vri(5') Isom^ {M'^) , enhanced 
by the data of the fixed points ^.^ e c^oolHI^, is associated in this way to 
a local representation of the quantum Teichmiiller psace. One needs 
in addition that this data be well-behaved with respect to ideal trian- 
gulations of S. However, this condition is automatically satisfied if r 
is injective, which occurs in most cases of interest. See ||6]for precise 
statements. 

A local representation of the quantum Teichmiiller space is actually 
a whole family of algebra homomorphisms px'- 7\ End(VA), where A 
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ranges over all ideal triangulations of the surface, where the Chekhov- 
Fock algebra is a certain algebra associated to the combinatorics 
of A, and where End(VA) is the algebra of endomorphisms of a finite- 
dimensional vector space Vx. Up to a few technicalities, the quantum 
Teichmiiller space is in fact the family of such algebras where, to 
make the construction independent of a choice of ideal triangulation, 
we identify any two Chekhov-Fock algebras and 7^, by a certain 
Chekhov- Fock coordinate change isomorphism : T^, 7^. The 
homomorphisms p\ are then required to be compatible in the sense 
that, for any two ideal triangulations A, A', the algebra homomorphism 
px o is isomorphic to px' by an isomorphism L'^^y'- Vy ^ Vx- 

These isomorphisms L'^xx'^ called intertwining operators, play a fun- 
damental role for applications. In Theorem [20] of ^ we show that they 
are uniquely determined up to scalar multiplication, provided that we 
impose on them two naturality conditions involving all possible ideal 
triangulations (the Composition Relation) and all possible surfaces (the 
Fusion Relation). 

In §Hl we investigate a construction which was suggested to us by 
Rinat Kashaev. We use the intertwining operators as transition func- 
tions to construct a fiber bundle, with fiber a projective space, over the 
classical Teichmiiller space or, more generally, over the space of quasi- 
fuchsian hyperbolic metrics on the product of S'xM and its closure. The 
construction is invariant under the action of the mapping class group, 
so that it descends to a fiber bundle over the moduli space. It also 
provides a natural framework to construct invariants of pseudo-Anosov 
diffeomorphisms of the surface S, similar to those defined in [T^ . 

We should also mention that some of the ideas of this paper, includ- 
ing the fusion construction introduced in §3.4[ can be used to simplify 
some of the arguments of |12j . 

Acknowledgement : It is a pleasure to thank Rinat Kashaev for valu- 
able conversations, including the idea that we exploited in ^ 

1. The Chekhov-Fock algebra 

Although most of the applications will only involve punctured sur- 
faces without boundary, it is convenient to include surfaces with bound- 
ary in the discussion. See the Fusion Relation of §1] and ^ 

Let 5* be an oriented punctured surface with boundary, obtained by 
removing finitely many points Vi, V2, ■ ■ ■ , Vp from a compact connected 
oriented surface S of genus g with (possibly empty) boundary. We 
require that each component of dS contains at least one puncture Vi, 
that there is at least one puncture, and that the Euler characteristic 
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x{S) of S is negative. These topological restrictions, which exclude 
only a small number of surfaces (assuming that there is at least one 
puncture), are equivalent to the existence of an ideal triangulation for 
5", namely a triangulation of the closed surface S whose vertex set is 
exactly {fi, . . . In particular, an ideal triangulation A has n = 

—3x{S) + 2s edges and m = —2x{S) + s faces. Its edges provide n arcs 
Ai, . . . , A„ in S, going from puncture to puncture, which decompose 
the surface S into —2x{S) + s infinite triangles whose vertices sit 'at 
infinity' at the punctures. Note that s of these Aj are just the boundary 
components of S. 

We will occasionally need to consider disconnected surfaces, in which 
case the above conditions will apply to each component of these sur- 
faces. 

Fix a non-zero complex number q = e"^^ G C*. The Chekhov-Fock 
algebra associated to the ideal triangulation A is the algebra defined 
by generators Xf^ associated to the edges Aj of A, and by relations 
XiXj = q'^'^^^XjXi where the integers G {0, ±1, ±2} are defined 
as follows: if Qij is the number of angular sectors delimited by Aj and 
Xj in the faces of A, and with Aj coming first counterclockwise, then 

(Jj^j CLij Qjj^ . 

In practice, the elements of the Chekhov-Fock algebra 1^ are Laurent 
polynomials in the variables Xj, and are manipulated in the usual way 
except that their multiplication uses the skew-commutativity relations 
XiXj = q^^'^XjXi. We will sometimes write 71 = C[X^\ . . .,X^^]l 
to reflect this fact. 

The product X1X2 . . . X„ of all the generators is easily seen to be 
central in T^. However, we will prefer the principal central element 

i7 = g-E,<,-..XiX2...X„ 

which has better invariance properties. Indeed, the exponent of the g- 
factor is specially designed to make H independent of the indexing of 
the Xj. This symmetrization is classical in physics, where it is known 
as the Weyl quantum ordering. 

The center of is generated by H and by certain elements associated 
to the punctures of S plus, when is a primitive X-root of unity, 
the powers X^ and in addition, when X is even, a few additional 
generators. See for instance [12, §3]. 

2. The triangle algebra 

Consider the case where S" = T is a triangle with its vertices deleted, 
namely where S" is a closed disk and there are 3 punctures Vi, V2, fs on 
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its boundary. In this case, A has one face and three edges, all in the 
boundary of S. Index the edges of A so that Ai, A2, A3 occur clockwise 
in this order around dS. Then the Chekhov-Fock algebra is the triangle 
algebra defined by the generators X^^, X^^, X^^ and by the relations 
XiXi^i = q'^Xi^iXi for every i (considering indices modulo 3). Note 
that the principal central element is H = q~^XiX2Xs. 

2.1. Representations of the triangle algebra. We consider repre- 
sentations of the triangle algebra 7^, namely algebra homomorphisms 
p: 7^ ^ End(y) valued in the algebra of linear endomorphisms of a 
complex vector space V. If we want V to be finite-dimensional, it is not 
hard to see that we need to be a root of unity, namely that = 1 
for some integer N > 0. This implies that = ±1, but our analysis 
works best when q^ = (— 

Consequently, we will henceforth assume that q^ = (—1)^+^ and 
that > is minimum for this property. In other words, we require 
that —q be a primitive iV-th root of —1. 

Lemma 2. Given an irreducible representation p: 7t End(y) of the 
triangle algebra, there exists non-zero complex numbers Xi, X2, x^, h e 
C* such that p sends each power X^ to Xildy, and sends H to Mdy. 
Two irreducible representations of the triangle algebra are isomorphic 
if and only if they are isomorphic if and only if they define the same 
numbers Xi, X2, x^, /i G C* as above. 

In addition, = X1X2X3, and any set of numbers xi, X2, X3, h e 
C* with — XiX2X^ can be realized in this way by an irreducible 
representation of the triangle algebra. 

Proof. The proof is completely elementary, by analyzing the action of 
the p{Xi) on the eigenvectors of p{Xi). Indeed, one easily finds a 
basis Co, ei, . . . , e^v^i for V and numbers ^2, J/s G C* such that 
p{Xi) = yiq'^'Ci, p{X2){ei) = y2ei+i and p{X^){ei) = y^q^-'^'Ci-i. The 
rest of the properties easily follow from this fact. □ 

In particular, an irreducible representation p: T|, — > End(y) is clas- 
sified by three complex numbers xi, X2, x^ associated to the sides of 
the triangle, and by an A^-root h — ^XiX2X^ for their product. We 
will call h the central load of the representation p. 

3. Local representations of the Chekhov-Fock algebra 

3.1. Embedding the Chekhov-Fock algebra in a tensor prod- 
uct. Let A be an ideal triangulation of the punctured surface S with 
faces Ti, . . . , where m — —2x{S) + s. Each face 7} determines a 
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triangle algebra 7^., with generators associated to the three sides of 

The Chekhov- Fock algebra 1^ has a natural embedding into the ten- 
sor product algebra (S^JLi '^r — -'ti ® " " ' ® "^r^ defined as follows. If 
the generator Xi of is associated to the i-th edge Aj of A, define 

• f{Xi) = Xji (g) Xki if Xi separates two distinct faces Tj and T^, 
and if Xji G 7^. and Xki G are the generators associated to 
the sides of Tj and corresponding to A,; 

• f{Xi) = q~^Xji^Xji^ = qXji^Xji^ if A, corresponds to two sides 
of the same are the generators associ- 
ated to these two sides, and if X^j^ is associated to the side that 
comes first when going counterclockwise around their common 
vertex. 

By convention, when describing an element Zi <S) ■ ■ ■ <S) Z^, of 7^^ <S> 
■ ■ ■ (g) 7^^ , we omit in the tensor product those Zj that are equal to the 
identity element 1 of 7^. . 

Lemma 3. There exists a (unique) injective algebra homomorphism 

such that, for every generator Xi of7\, f{Xi) is the element of^^^^ 7^. 
defined above. 

Proof. The fact that / extends to an algebra homomorphism is a con- 
sequence of the definition of the coefficients (Tij occuring in the skew- 
commutativity relations of 7^. The injectivity immediately follows 
from the fact that, as a vector space, 7\ admits a natural basis con- 
sisting of all the monomials X^^ . . . X"^ with rij e Z. □ 

We will henceforth consider as a subalgebra of "^r, ■ 

3.2. Local representations. Now, suppose that we are given an irre- 
ducible representation pf 7^, End(V^) for every face Tj. The tensor 

product (8)^1 Pj'- ^T=i '^j ~^ End((g)^^ Vj) restricts to a representa- 
tion 

p:7l-^End{Vi(^---^Vm). 

We would like to define a local representation of 7^ as any representa- 
tion obtained in this way. However, we need to be a little more careful 
in the case where an edge of the ideal triangulation A corresponds to 
two sides of the same face of the triangulation 
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Definition 4. A local representation of is an equivalence class of 
m-tuples {pi, p2, ■ ■ ■ , Pm) where each pj : 7^, — > End(V^) is an irre- 
ducible representation of the Chekhov-Fock algebra 7t^ associated to 
the j-th face Tj of A, and where (pi, p2, ■ ■ ■ , Pm) and {p[, P2, . . . , p'^) 
are identified if and only if: 

(1) for every face Tj of A, the representations pj and p'j act on the 
same vector space Vj = V-; 

(2) for every edge A^ of A, 

(a) if Aj separates two distinct faces Tj and and if Xji G 7!^. 
and Xki G 7^^ are the generators respectively associated to 
the sides of Tj and corresponding to Aj, there exists a 
number a e C* such that Pj{Xji) = apj{Xji) and p'j{Xki) — 
a~^Pj{Xki); 

(b) if A,j corresponds to two sides of the same face Tj and if 
Xji^ , Xji,^ G T^, arc the generators associated to these two 
sides, there exists a number a G C* such that p^(XjjJ = 
aPi(^in) and p;(X,^J = a-^pj{Xji^). 

A local representation clearly defines a unique representation p : 
7\ End(yi (8) • • • (8) T^), where each vector space Vj is associated 
to the j-th face Tj of A and has dimension N. If every edge of A sepa- 
rates two distinct faces, the representations pj-. 7^. End(lj) can be 
easily recovered from p up to the above equivalence relation. However, 
this is not true when one edge corresponds to two sides of the same 
face of A. 

By abuse of notation, we will often refer to a local representation by 
mentioning only the representation p:7\^ End(Vi ® ■ ■ ■ ® Kn). This 
is no abuse if every edge of A belongs to two distinct faces. However, to 
deal with the special cases where this does not hold, we should always 
remember that a local representation actually involves the data of a 
family of irreducible representations pj : 7^^ End(V^) associated to 
the faces of A, and well-defined modulo the above equivalence relation. 

To explain the terminology note that, for every generator Xi of 7\ 
associated to the i-th edge Aj of A, its image p{Xi) under a local repre- 
sentation p is locally defined, in the sense that it depends only on data 
associated to the one or two faces of A that are adjacent to Aj. 

3.3. Classification of local representations. Two local representa- 
tions p:7l^ End(\/i ® • • • Vm) and p' : 7l ^ End(\// ®---®V^) 
of the Chekhov-Fock algebra 7\ are isomorphic as local representa- 
tions if they can be realized by representations pj-. 7\. — > End(T^) and 
p'j-. 7\,. — > End(T^') such that each pj is isomorphic to p'j, namely such 
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that there exists hnear isomophisms Lj-. V- Vj such that 
for every X G T^^. 

Lemma 5. Let p: ^ End(Vi (S) ■ ■ ■ Kn) be a local representation of 
the Chekhov-Fock algebra 1^. If Xi & 7^ is associated to the i-th edge 
\i of X, then p{X^) = Xi ldvi,^---^Vm /^'^ some complex number Xi E C* . 
Similarly, there exists an h E C* such that p{H) = hldvi(g)-^Vm /^^ 
the principal central element H = q^^'<:>'^^^ X1X2 . . In addition, 
h/ oc \ • ' ' 11, ' 

Proof. Lemma [2] proves this for the triangle algebra. The general case 
immediately follows. Note that H = Hi . . . Hm where Hj denotes the 
principal central element of the triangle algebra 7^. associated to the 
face Tj of A. □ 

In particular, Lemma [5] associates to the local representation p a sys- 
tem of locally defined edge weights Xi G C* for the ideal triangulation 
A, as well as a global invariant /i G C*. We call h the central load of 
the representation p. 

Proposition 6. Up to isomorphism of local representations , the local 
representation p:7\^ End(Vi ® ■ ■ ■ ® Vm) is classified by the complex 
numbers Xi, . . . , x„, /i G C* introduced in Lemma\^ Namely, two such 
local representations are isomorphic as local representations if and only 
if they are associated to the same edge weights Xi G C* and to the same 
central load h. 

Conversely, any set of edge weights Xi G C* and any N-th root h of 
Xi . . .Xn can be realized by a local representation p. 

Proof. This immediately follows from definitions and from the classifi- 
cation of representations of the triangle algebra given in Lemma [2l □ 

Since Lemma [5] shows how to read the invariants Xi and h E C* from 
p, an immediate corollary of Proposition [6] is the following. 

Corollary 7. Two local representations p: 7\ ^ End(Vi ® • • • ® Kn) 
and p': End(V\'(8>- • -^V^) are isomorphic as local representations 

if and only if they are isomorphic as representations. □ 

Recall that p: 71 End{Vi ® • ■ ■ ® V;„) and p': 71 End{VI (g) ■ ■ ■ O 
V^) are isomorphic as representations if there exists a linear isomor- 
phism L: V(®- ■ -^V^ ^ Vi®- ■ -^Vm such that p'{P) = L'^o p{P)oL 
for every P G 7^. Corollary [7] says that L can always be chosen 
to be tensor-split, namely to be decomposable as a tensor product 
L = Li ® ■ ■ ■ ® Lm of linear isomorphisms Lj: Vj V-. 
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3.4. Fusing local representations. Let A be an ideal triangulation of 
the punctured surface 5*. Let R be the (possibly disconnected) surface 
obtained by splitting S open along certain edges Aj^, Aij, . . . , A^, of A. 
Let /i be the triangulation of R induced by A. 

Conversely, we can think that S", with its ideal triangulation A, is 
obtained from R triangulated by /i by gluing together disjoint pairs of 
edges of /i which are contained in the boundary OR. 

Note that A and /i have the same faces Ti, T2, . . . , T^. As a conse- 
quence, the Chekhov-Fock algebras 7\ and T^^ are both subalgebras of 
the tensor product (S)j=i "^t, of the triangle algebras associated to the 
faces Tj. In addition, 7\ is contained in T^. 

From this description, we immediately see that a local representation 
cr : TJJ — * End(Vi ® ■ • ■ ® Vm) restricts to a representation p : — > 
End(Vi (S> ■ ■ ■ ® Vm) which is also local. We will say that p is obtained 
by fusing the local representation a. 

For instance, if we split S along all the edges of A, the split sur- 
face i? is a disjoint union of triangles, and local representations of 0^ 
coincide with representations obtained by fusing together irreducible 
representations of the corresponding triangle algebras. 

4. The quantum Teichmuller space 

4.L Switching from one ideal triangulation to another. We 

now investigate what happens as we switch from one ideal triangu- 
lation A to another one A', with respective Chekhov-Fock algebras 
71 = C[Xt\ . . . , X^'Yx and 0^, = C[X[^\ . . . , X;±i]^,. These skew- 
polynomial algebras satisfy the so-called Ore condition, and conse- 
quently admit fraction division algebras 7^ = C{Xi, . . . , Xn)x and 
7x' = C{X[, . . . , X'^Y^r, see for instance [T71 [2l]- In practice, 7^ = 
C(Xi, . . . ,X„)^ consists of non-commutative rational fractions in the 
variables Xi. . . X^ which are manipulated according to the skew-com- 
mutativity relations XiXj = q^^^XjXi. 

Chekhov and Fock introduce coordinate change isomorphisms 
7\, —>■ 71 which satisfy the following conditions: 

(1) (Composition Relation) ^^x" ~ ^xx' ° "^a'A" ^or every A, A' and 
A"; 

(2) (Naturality Relation) if the diffeomorphism cp: S R respec- 
tively sends the ideal triangulations A, A' of the surface S to 
the ideal triangulations /x, fi' of the surface R, then the natural 
identifications = and T^, = 7J^, induced by ip identify 

Kx' to 
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(3) (Fusion Relation) if S is obtained by fusing another surface R 
along certain components of dR, and if A and A' respectively 
come from ideal triangulations fi and /i' of R, then : T^, 
71 is the restriction of <l>^^,: 0^, ^ 7^ to % C7l,. 

Explicit formulas for the coordinate change isomorphisms can 
be found in [151 ESI 112] • A fundamental example is that where 5 is a 
square, namely a disk with 4 punctures on its boundary, and where the 
edges of A and A' are indexed as shown on Figure [H Then, 

$^,,(X^) = (1 + gXi)X2, <l>l,,{X;,) = (1 + qX^Y'X,, 
= (1 + qX,)X, = (1 + qX^yX,. 




Figure 1. A diagonal exchange 



The fusion point of view can actually be used to somewhat simplify 
the case-by-case analysis required by the analysis of non-embedded 
diagonal exchanges in [23 [12] • 

In [5], it is proved that the coordinate change isomorphisms 
are completely determined by the Composition, Naturality and Fusion 
Conditions, modulo some uniform renormalization of the Xi. The com- 
bination of the Naturality and Fusion Conditions is equivalent to the 
Locality Condition considered in pj. 

The quantum Teichmiiller space 7g of the punctured surface S is 
defined as the quotient 

7l = \j7l/r^=\JC{X„...,X^)l/r^ 

X A 

of the disjoint union of the 7\ of all ideal triangulations A of S, where 
the equivalence relation ~ identifies 7^ = C(Xi, . . . , to 7^, = 
C{X[, . . . ,X'^)\, by the coordinate change isomorphism Because 
the are algebra isomorphisms, the quantum Teichmiiller space 7^ 
inherits an algebra structure from the 7^. 
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4.2. Representations of the quantum Teichmiiller space. By the 

above definitions, a representation of the quantum Teichmiiller space 
T| should be equivalent to the data, for each ideal triangulation A, of 
an algebra homomorphism p\: 'T^ End(l^) from to the algebra of 
endomorphisms of a vector space V, in such a way that py = p\o <|)^^, 
for every A, A'. 

This definition would be natural but, if we are interested in finite- 
dimensional representations, leads to several stumbling blocks. 

The main difficulty is that there is no algebra homomorphism px : 
7\ End(y) with V finite-dimensional. Indeed, every rational frac- 
tion i? 7^ is invertible in T^, so that p\{R) would have to be invert- 
ible in End(V^). However, when V is finite-dimensional, so is End(\^) 
whereas is infinite-dimensional as a vector space. It follows that 
there are many R ^ such that p\{R) is equal to 0, and in particular 
is not invertible. 

One way to solve this problem is to restrict attention to Laurent poly- 
nomials, and to consider algebra homomorphisms p\: 7^ = C[X^^, . . . , Xj^^]^ 
End(V^). Indeed, we observed in Section [3] that the Chekhov- Fock al- 
gebra 7^ does admit many finite-dimensional representations. 

Unfortunately, this quick fix creates another problem: Since the co- 
ordinate change isomorphisms ^1^^, are valued in the fraction division 
algebra Ul^ and not in the Chekhov- Fock algebra T^, the composition 
Px o <I>^^, does not automatically make sense, so that the condition 
Px' = Px° ^Ix' has to be suitably reinterpreted. 

Given an algebra homomorphism px'- 71 End{V), we will say that 
the algebra homomorphism 

PA o <l>^,,,: 71, = C[Xt\ . . .,X^% End(l^) 

makes sense if, for every Laurent polynomial X' G T^,, the rational 
fraction G 71 can be written as quotients 

^l,,iX') = PQ-' = Q'-'P' 

of Laurent polynomials P, Q, P', Q' G 7^ such that p\{Q) and px{Q') 
are invertible in End(V^). We then define 

Px o ^Ix'iX') = Px{P)px{Q)-' = pxiQT'Pxin G End(V). 

One easily sees that pxo^1y{X) does not depend on the decomposition 
of (X) as a quotient of polynomials, and that this defines an algebra 
homomorphism pxo^\x''- '^x' ~^ End(V). These two properties strongly 
use the 2-sided decomposition of each ^1y{X). 
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Definition 8. A representation of the quantum Teichmiiller space 
of the surface S over the finite-dimensional vector space V consists of 
the data of an algebra homomorphism px: 7\ = C[X^^, . . . ,X^^]\ ~^ 
End{V) for every ideal triangulation A in such a way that, for every 
A, A', the representation px o ^xy- ~^ End(V^) makes sense and is 
equal to py- 

Strictly speaking, a representation of the quantum Teichmiiller space 
is not a representation of the algebra 7g in the usual sense. However, 
this terminology appears more convenient than that of [12], where the 
same object was called a representation of the polynomial core of the 
quantum Teichmiiller space. 

Given two specific ideal triangulations A and A' and a representation 
px-Tl~^ End(VA), it is in general quite difficult to check that the 
representation px o makes sense. This is much easier if we consider 
all ideal triangulations at the same time. 

Lemma 9. Let an algebra homomorphism px'- ^ End(l^) be given 
for every ideal triangulation A. Suppose that px o T^, — * End(V) 
is equal to py whenever A and X' differ by a diagonal exchange. Then 
the Px form a representation of the quantum Teichmiiller space of S . 

Proof. This is the main result of [121 §6]. The proof is somewat more 
difficult that one could have anticipated at first glance, as one needs 
to avoid invoking the inverse of an endomorphism which is not invert- 
ible. In particular, the argument used in p!2] depends on the specific 
formulas for the associated to diagonal exchanges. □ 

5. Local representations of the quantum Teichmuller 

SPACE 

A local representation of the quantum Teichmiiller space T| is a 
representation {px '■ 7^ ~^ ^^^(y)} xeA(s) of 7^ such that each px is 
isomorphic to a local representation px : 71 ^ End(VA). 

In practice, it is more convenient to put emphasis on the local rep- 
resentations px- Namely, up to isomorphism, a local representation of 
Tg consists of the data of a local representation px- 71 ^ End(VA) for 
every ideal triangulation A, in such a way that pao'^'aa'- "^v ~^ End(VA) 
is isomorphic to py: 7y End(VA') for every A, A'. Recall from the 
definition of local representations that each vector space Vx splits as 
a tensor product Va = Vi ® V2 ® ■ ■ ■ ® Vm where each factor Vj is an 
iV-dimensional vector space attached to the j-th face of A. Recall 
also that the local representation px consists of more than the alge- 
bra homomorphism px'- 7^ ^ End(VA), but also includes the data of 
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representations pj-. 7^, — > End(Vj) well-defined up to a certain equiva- 
lence relation; however, this distinction matters only when an edge of 
A corresponds to two sides of the same face. 

By Proposition [6l the local representation px : 7^ ^ End(VA) is 
classified by the data of a complex weight Xi G C* attached to each edge 
Xi of A, plus a central load h = ^Jx\X2 ■ ■ ■ x^- We want to determine 
how these edge weights and central load change as we switch from A 
to another ideal triangulation A'. 

It turns out that the corresponding change of edge weights is related 
to the coordinate change isomorphism : Ty 7\ associated to the 
non-quantum case where g = 1. Indeed, in this non-quantum (more 
traditionally called semi-classical) case where 5' = 1, the Chekhov- Fock 
algebras 7\ and 7\i are both isomorphic to the algebra of commuta- 
tive rational fractions C(Xi, X2, . . . , Then, the coordinate change 
isomorphism 

: 7\, = C{X[, X'„..., X'J C(Xi, X2, . . . , X„) = 71 

determines a rational function (pw : — » (only partially defined 
as a function) by the property that the i-th coordinate of ipw (Xi, X2, . . . , 
is equal to ^\y{Xl). Conversely, ip\y determines because ^\y{F) = 
F o <pxy for every F e C{X[, X^, . . . , X'J. 

Our hypothesis that g be a primitive X-th root of (—1)^+^ is critical 
for the following result. 

Proposition 10. Let p = {px : End{Vx)} xeA{s) be a local rep- 

resentation of the quantum Teichmiiller space T|. If px is classified by 
the edge weights Xi G C* and by the central load h E C* , and if py is 
classified by the edge weights x'-, G C* and by the central load h' , then 
h = h' and 

{x[,X2, . . . ,X^) = (px\'iXi,X2, . . .,Xn). 

In particular, the edge weights {xi,X2, ■ ■ ■ ,Xn) G are in the do- 
main of v^AA', so that ipxx'{xi, X2, ■ ■ ■ , x„) is well-defined. 

Proof of Proposition UU when S is a square. The square S admits only 
the two ideal triangulations represented in Figure [TJ 

Recall that the weights Xi and x'^ are defined by the property that 
px{Xf) = Xildv^ and px'{Xl^) = x-Idy^, . The argument is then a 
simple algebraic computation using the explicit formulas for ^1-^, in 
the case of the square, as in [121 Lem. 27] and in the end of [T5] . 
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For instance, with the edge indexing of Figure [H, 

PA o $^(^2"^) = (pa(X2) + qpy{X{)p^{X,)Y 

= p^{X,f + (gp,(Xi)pA(X2)) 

= Pa(X2)^ + Pa(Xi)V(^2)^ 
= X2ldy, + xia;2ldv'. 



N 



where the second equahty combines the Quantum Binomial Formula 
with the hypothesis that is a primitive A^-th root of unity, while the 
third one uses the condition that = (—1)^+^. Since p\ o <I>^^,(X2^) 
is conjugate to p\i{X2^) = Xgldy^, , it follows that x'2 = (1 + Xi)x2- 

Similar computations give that x[ = x^^, X3 = (1 + x^^)x3, x'^ = 
(1 + 0:1)0:4 and X5 = (1 + Xi^)~^x^. Namely, by the explicit formula for 
the non-quantum coordinate change isomorphism ^\y, the edge weight 
system {x[,X2,x'^,x'^,x'^) is equal to (px\'{xi,X2,X2,,Xi,X5). □ 

Proof of Proposition UU in the general case. By p!9l [281 120], any two 
ideal triangulations can be connected by a sequence of diagonal ex- 
changes. Since the ifxy satisfy the Composition Relation of Section H?T] 
(with the order reversed), it suffices to check Proposition [TUl when A 
and A' differ only by a diagonal exchange. 

If we split open the surface S along the sides of the square where the 
diagonal exchange takes place, we obtain a square Q and a (possibly 
disconnected) surface R. The ideal triangulation A induces an ideal 
triangulation Ag of Q and an ideal triangulation A/j of R. Similarly, 
A' defines ideal triangulations X'q and A'^ of Q and R. The two ideal 
triangulations Xr and A^ coincide, while Aq and X'q differ only by the 
choice of a diagonal for the square Q. 

By definition of local representations, px: 7^ End(VA) is obtained 
by fusing together local representations pxg : 7^^ — * End(VAQ) and 
Paj? : — > End(VA^). By the Fusion Relation of Section 14.11 it 
follows that Pa o <I>^^, is obtained by fusing together the representations 
P^Q ° *AqA^ and pa^ o = pa^ (since <!>l^y^ is just the identity of 

= 7y ). The property then immediately follows from the case of 
the square, which we just analyzed, as well as from the fact that (fxy 
is obtained by fusing together V^AqA'^ and V^a^a'^ = My^^^. This second 
property is a consequence of the fact that the non-quantum coordinate 
change isomorphisms ^\x/ satisfy the Fusion Relation. □ 



There is a converse to Proposition [TOl 
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Proposition 11. Suppose that we are given a system of edge weights 
Xi G C* for every ideal triangulation X in such a way that, for any 
two ideal triangulations A and A', the edge weights (xi,X2, . . . and 
{x'l^ x'21 ■ ■ ■ 1 x'^ respectively associated to A and A' are related by the 
property that: 

(In particular, ( the domain of(fxx'-) In addition, 

let h & C* be an N-th root for the product X1X2 . . . x„ of the edge weights 
associated to an arbitrary ideal triangulation Aq. 

Then, there exists a local representation p = {px : End(VA)}AGA(s') 
of the quantum Teichmiiller space 7]. such that, for every ideal trian- 
gulation X, the edge weights and central load classifying the local repre- 
sentation Px as in Proposition are exactly the given edge weights Xi 
and N-th root h. In addition, p is unique up to isomorphism of local 
representations . 

Proof. As a preliminary remark we note that, for any two ideal tri- 
angulations A and A', the products X1X2 ■ ■ - Xn and of their 
respective edge weights are equal. This can easily seen by inspection 
of the formulas for ipxx' (see also pSj Prop. 14] and Lemma [T7| below). 
Therefore, h is an A^-th root for the product X1X2 ■ ■ - Xn of the edge 
weights associated to every ideal triangulation A. 

For every ideal triangulation A, Proposition [H] associates a local rep- 
resentation Px : 71 ^ End(VA) to the edge weights Xi, X2, ■ ■ ■ , Xn and 
to the iV-th root h = y/xiX2 ■ ■ ■ Xn- 

To prove that the px form a local representation of T^, Lemma[9]says 
that it suffices to show that px o ^xx' makes sense and is isomorphic to 
px' whenever the ideal triangulations A and A' differ only by a diagonal 
exchange. As in the proof of Proposition [TOl split the surface S open 
along the sides of the square where the diagonal exchange takes place 
to obtain a square Q and a possibly disconnected surface R. The ideal 
triangulation A and A' respectively induce ideal triangulation Aq and 
Aq of Q, and ideal triangulations Xr = A'^ of R. By definition of local 
representations, px is obtained by fusing together a local representation 
PXq of T^^ and a local representation pxj^ of 1^^. 

Although everything could be done "by hand" (see for instance our 
explicit computations in [5J), we will take advantage of the classifi- 
cation of irreducible representations of Tq in [12]. Theorems 21 and 
22 of [I2J (straightforwardly extended to surfaces with boundary) and 
Proposition of this paper show that irreducible and local represen- 
tations of 7l have the same dimension A^^, and are classified by the 
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same edge weights and the same central load. It follows that every 
A^^-dimensional representation of is irreducible, and is isomorphic 
to a local representation. 

Because the weights {x[,X2, . . . , x'^) = <P\x'{xi,X2, ■ ■ ■ , x„) are finite 
and non-zero, [121 Lemma 29] shows that the representation PXq°^1^x' 
of makes sense. It follows that the representation px o <|>^^, of 
Tl, obtained by fusing pxg o $^ ^ and pxj^ o $^ ^, = p^^ together, 
makes sense. By the above observation, p^g ° ^'xqX' isomorphic 

to a local representation. Therefore, px o is isomorphic to a 
local representation. By Proposition [10], px o is classified by 
V^AA'(^i) ^2, ■ ■ ■ , Xn) = X2, . . . , x^) and the central load h. Proposi- 
tion [6] then shows that px o is isomorphic to py- 

Having proved that px o ^^^y makes sense and is isomorphic to py 
whenever A and A' differ by a diagonal exchange. Lemma [HI shows that 
the Px : 71 ^ End(VA) form a local representation p of the quantum 
Teichmiiller space T^. 

The uniqueness of p up to isomorphism is an immediate consequence 
of Proposition [61 □ 

Propositions [TOI and [TTI can be combined in the following statement. 

Theorem 12. Let q be a primitive N-th root of (—1)^"''-'^. There is a 
one-to-one correspondence between: 

(1) isomorphism classes of local representations p = {px : — >■ 
End(^A)}AeA(s); 

(2) data associating to each ideal triangulation A a system of edge 
weights Xi G C* and a choice of N-th root h = ^XiX2 ■ ■ - Xn in 
such a way that, for any two ideal triangulations A and A', the 
edge weights (xi, 0:2, . . . , Xn) and (x'l, x'a, . . . , x'^) and the roots 
h = ^Jx\X2 ■ ■ - Xn and h' = \fx!^d[777xF^ respectively associated 
to A and A' are such that 

ix[,X2, ...,X'J= ipxX'{Xi,X2, ...,Xn). 

and h' = h. □ 
We will now reinterpret Theorem [T21 in a more geometric setting. 



6. Pleated surfaces 

There is a geometric situation where complex edge weights for an 
ideal triangulation of a surface also occur, namely the exponential 
shear-bend parameters of a pleated surface with this ideal triangulation 
as pleating locus. 
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In this section, we restrict attention to the case where the boundary 
of S is empty, namely where S is obtained by removing p ^ 1 punctures 
from a closed oriented surface S. _ _ 

Let S be the universal covering of S, let A C S* be the preimage 
of the edges of A, and let Isom"'"(EI'^) denote the group of orientation- 
preserving isometries of the hyperbolic 3-space H^. A pleated surface 
with pleated along A is a pair (/, r) consisting of a continuous map 

f-.S^M^ and of a group homomorphism r: 7ri(5') — > Isom''"(]HI^) such 
that: 

(1) / homeomorphically sends each component of A to a complete 

geodesic of H^; 

(2) / homeomorphically sends the closure of each component of 
5* — A to an ideal triangle in M.^, namely one whose three vertices 
are on the sphere at infinity doo^^ of H^; 

(3) / is r-equivariant in the sense that f{'yx) — r{'y)f{x) for every 
X eS and 7 e 7ri(5'). 

If Aj is an edge of A, separating two (possibly equal) faces 7} and T^, 
lift Aj to a component Aj of A separating two components Tj and of 
S — X respectively hfting the interiors of Tj and T^. 

The closure of the two ideal triangles f{Tj) and f{Tk) is an oriented 
wedge bent by an angle of G ]R/27rZ; here we choose 6 to be the 
external dihedral angle of this wedge along Aj, namely tt minus the 
internal dihedral angle, so that 6 = n when the two ideal triangles 
f{Tj) and coincide. In addition, consider on Aj the respective 

projections Wj and Wk of the vertices of the ideal triangles /(T!,) and 
f{Tk) that are not in Aj. If we orient Aj as part of the boundary of 
the oriented triangle f{Tj), let the shear parameter t be the oriented 

distance from Wj to Wk in Aj. 

By definition, the complex number Xi = e*"*"'^ is the exponential shear- 
bend parameter of the pleated surface along the edge Aj. It is immediate 
that Xi is independent of the choices made in the definition. 

Note that, for a pleated surface (/, r) , the homomorphism r : tti (S) — > 
lsom'''(lHI^) is completely determined by the map f: S ^ The map 
/ adds more data to r as follows. Let A G S he the union of small 
annulus neighborhoods of all the punctures of S. There is a one-to-one 
correspondence between the components of the preimage A oi A in S 
and the peripheral subgroups of tii{S), namely the image subgroups of 
the homomorphisms 771(^4) — > 7ri(5') defined by all possible choices of 
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base points and paths joining these base points. For a component 
of A corresponding to a peripheral subgroup n C 7ri(S'), the images 
under / of the triangles of S* — A that meet A^^ all have a vertex ^.n in 
common in C = f^ooEI'^, and this vertex is fixed by r(7r). Therefore, / 
associates to each peripheral subgroup vr of 7ri(S') a point G d^o^^ 
which is fixed under r('7r). In addition this assignment is r-equivariant 
in the sense that ^-y7r7-i = ''"(7)^7r for every 7 G 7ri(S'). 

By definition, an enhanced homomorphism (r, {^T^jT^gn) from 7ri(S') to 
Isom'''(EI'^) consists of a group homomorphism r: 7ri(S') Isom^(EI^) 
together with an r-equivariant assignment of a fixed point .^^ G SoolHI'^ 
to each peripheral subgroup vr of 7ri(S'). Here 11 denotes the set of 
peripheral subgroups of vri(S'). By abuse of notation, we will often 
write r instead of (r, {^^}^gn) of vri(S'). 

Two such enhanced homomorphisms (r, {.^7r}7ren) and (r', {,^^}^gn) 
are conjugate by A G Isom'''(EI'^) if r'(7) = Ar{'^)A~^ for every 7 G 
7ri(S') and if = A{S,-k) for every peripheral subgroup vr G 11. 

An enhanced group homomorphism (r, {^^}^gn) of 7ri(5') realizes the 
ideal triangulation A if it is associated to a pleated surface (/, r) pleated 
along A. It is peripherally generic if it realizes every ideal triangulation 
A of S. The terminology is justified by the fact that this property is 
essentially equivalent to (although slightly weaker than) the fact that 
distinct peripheral subgroups vr G 11 are associated to distinct points 
■Ctt £ c^cxdH^ in the enhancement; compare the proof of Lemma dH 

Proposition 13. Let A he an ideal triangulation for the surface S, 
with dS = 0. The map which, to a pleated surface pleated along X, 
associates its exponential shear-bend coordinates induces a one-to-one 
correspondence between conjugacy classes of enhanced group homomor- 
phisms (r, {^Trjvren) from t^i{S) to Isom"''(EI^) realizing A and systems 
of non-zero edge weights Xi G C* for the edges Aj of \. 

Proof. Reconstructing a pleated surface from its shear-bend coordi- 
nates is completely elementary. See for instance [13] or [TO] , or compare 
the end of the proof of Lemma dH □ 

In practice, it is not always easy to determine whether a general 
enhanced group homomorphism from vri(5') to Isom'*'(EI'^) realizes a 
given ideal triangulation. However, the following simple criterion is 
quite useful, since many (most?) group homomorphisms r: 7ri(S') 
lsom^{M?) that have some geometric significance are injective. 

Lemma 14. Every enhanced homomorphism (r, {^^}^gn) where r : 
7Ti{S) — » Isom^(H^) is injective is peripherally generic, namely real- 
izes every ideal triangulation A. 
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Proof. If Aj C S* is the lift of an edge Aj of A, its two ends each define 
two parabohc subgroups vr, n' G 11. We claim that the two fixed points 
^j^, ^j^/ G (9ooIHI'^ of r(7r) and r(7r') are distinct. Indeed, vr and vr' generate 
a free subgroup F of rank 2 in 7ri(S'). On the other hand, the stabilizer 
of a point x G i9ooIH['^ in Isom'^(H['^) is solvable, and consequently cannot 
contain any free subgroup of rank > 1. Since r is injective, this proves 
that r(7r) and r(7r') cannot fix the same point x G doo^^- 

Once we have this property, constructing a pleated surface (/, r) 

realizing A is immediate. First define / on each Aj as above, by sending 
it to the geodesic of joining the two fixed points 7^ G c^ooIHI^. 
Then continuously extend / to 5 by sending each component T of 
— A to the unique totally geodesic triangle bounded in by the 
three geodesies so associated to the boundary components of T. □ 

Note that an injective group homomorphism r: 711(5) —>■ Isom^(HI^) 
admits at most 2^ enhancements (where p is the number of punctures 
of s), and exactly one in the geometrically important case where r 
sends each peripheral subgroup of vri(S') to a parabolic subgroup of 
Isom'^(H[^). Indeed, an infinite cyclic subgroup of Isom'*'(EI'^) fixes ex- 
actly one point when it is parabolic, and two points when it is loxo- 
dromic or elliptic. 

Proposition 15. Let (r, {,^^}^gn) be an enhanced homomorphism from 
TTi{S) to Isom^(HI^) which is peripherally generic, namely realizes every 
ideal triangulation. In particular, for any two ideal triangulations A and 
X', it associates weights Xi G C* to the edges of X, and weights x[, G C* 
to the edges of X' . Then, 

(x'l, x'a, . . . , O = a;2, . . . , 

where (fxy is the rational map associated to the non- quantum coordinate 
change isomorphism ^\x'- ^i-^iJ ■ ■ ■ ^-^n) ~^ C{Xi, . . . ,Xn). 

Proof. This is a simple computation. See for instance [IB] or §2]. 

□ 

Combining Propositions [13] and [15] immediately gives: 

Theorem 16. There is a one-to-one correspondence between: 

(1) conjugation classes of enhanced homomorphisms (?", {^Trj-TrGn) 
from TTi{S) to Isom'''(H[^) that are peripherally generic; 

(2) data associating to each ideal triangulation X a system of edge 
weights Xi G C* in such a way that, for any two ideal triangula- 
tions X and X' , the edge weights (xi, X2, . . . , Xn) and {x[,X2, . . . , x^) 
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respectively associated to A and X' are such that 

Given an enhanced homomorphism (r, {^^}^gn) realizing the ideal 
triangulation A, consider the edge weights Xi G C* associated to (r, {^^}^gn) 
by Proposition [131 Define the total peripheral load of (r, {^7r}7rGn) as 
the product 

hif^ — X > > > X fi ^ • 

It turns out that hr is completely determined by (r, {^Trjvrgn), and 
in particular is independent of the ideal triangulation A. This could be 
proved using Proposition [TSl but here is a more geometric interpreta- 
tion which also explains the terminology. Since the fundamental group 
7ri(S') is free, we can lift r: 7ri(S') — >• Isom"'"(EI^) = PSL2(C) to a group 
homomorphism f: 7ri(S') — SL2(C). Pick a small loop 7^ in S going 
counterclockwise around the k-ih puncture Vk- For an arbitrary choice 
of base point, the class of 7^ in 7ri(S') generates a peripheral subgroup 
TTfe G n. In particular, r(7fc) fixes the point ^t^^ G i9ooEI'^ = CP^ specified 
by the enhancement of r. As a consequence ^^j. G CP^, considered as 
a complex line in C^, is contained in an eigenspace of f{;~^k) G SL2(C) 
corresponding to some eigenvalue ak G C. 

Lemma 17. The total peripheral load of the homomorphism (r, {^^}^gn) 
from vri(S') to Isom"'"(EI^) = PSL2(C) is equal to 

hr = (— l)^a^^a2 ^ • • • 

where, for an arbitrary lift f of r to SL2(C), the complex numbers 
are associated as above to the p punctures Vk of the surface S . 

Proof. By definition of a^, the derivative of r(7fc) at the fixed point 
.^TTfe £ CP^ is just the complex multiplication by a^. If Xi-^, Xi^, . . . , Xi^ 
are the shear-bend parameters of the edges of A that are adjacent to the 
puncture Vk, counted with multiplicities when both ends of an edge lead 
to Vk, it follows from the definition of the shear-bend parameters that 
this derivative is also equal to . . . xl'\ Therefore, 

Considering all punctures, this proves that 

-2-2 -2 _ 2 2 2 _ 7 2 

fl-j^ ' ' ' — cc-^oc^^ . . . x^ — n,^ 

since every edge of A has two ends. Therefore hj. = ±a7^c^2^^ • • • o-p^- 

We now only need to determine the sign ±. By continuity, this sign 
is independent of the shear-bend parameters xi, X2, ■ ■ ■ , Xn defining the 
enhanced homomorphism r. We can therefore consider the case where 
the Xi are positive real. In this case, r has discrete image and, after 
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conjugation, is valued in PSL2(M) = Isom'*'(EI^). Pick a decomposition 
of the surface 5* into pairs of pants. For each pair of pants P in the 
decomposition, consider three closed curves ai, 02 and going around 
the punctures of the interior of P; an easy computation shows that 
exactly or 2 of their images f{ai) G SL2(M) have positive traces 
(since the space of hyperbolic pairs of pants is connected, it suffices to 
perform the computation on a single example). By induction on the 
number of pairs of pants in the decomposition of S, we conclude that 
the number of r(7A;) with positive trace is even. In other words, the 
number of positive is even. Since hr is positive in this case, it follows 
that the sign ± is equal to (—1)^. □ 

Combining the purely algebraic Proposition E] and the purely geo- 
metric Proposition [121 we obtain the following rephrasing of the clas- 
sification of local representations, which combines the two points of 
view. 

Proposition 18. Let A be an ideal triangulation for the surface S, 
with empty boundary. Up to isomorphism of local representations, a 
local representation p: — > End(Ki ® ■ ■ ■ ® Vm) is classified by an en- 
hanced homomorphism (r, {^Trlyren) from 7Ti{S) to Isom^(H^) realizing 
X, together with an N-th root h = \f}i^ of the total peripheral load hj. 
o/(r, {^^}^en). 

Conversely, any such enhanced homomorphism (r, {^7r}7ren) realiz- 
ing A and any N-th root h = \/h^ of its total peripheral load hr are 
associated to a local representation of7\. □ 

Similarly, the combination of Theorems [12] and [16] gives: 

Theorem 19. Let q be a primitive N-th root of { — 1)^^^ . There is a 
one-to-one correspondence between: 

(1) local representations p = {px: 1^ End(Vi . . . V^t)};)^gA(5) 
the quantum Teichmiiller space 7g, considered up to isomor- 
phisms of local representations of 7^; 

(2) enhanced group homomorphisms (r, {^7r}7ren) from 7ri(S) to Isom^(H'^ 
considered up to conjugation in Isom^(H'^), together with the 
choice of an N-th root h E C* for the total peripheral load hr 

of r. □ 

7. Intertwining operators 

Let p={p,: EndiVx)} ^^^^s) and p' = {p',: 7l ^ End(\/;:)},,^(^) 

be two local representation of the quantum Teichmiiller space T| which 
are isomorphic. For instance, we can have p' = p. 
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Recall that each space Vx splits as a tensor product Vx = Vi® . . .Vm, 
where each Vj is an A^-dimensional vector space attached to the j- 
th face Tj of A; similarly, decomposes as = V( ® . . . V^. By 
definition, for every ideal triangulations A and A', the representation 
P\ ° '^'aa' : T'a ~^ End(VA) is isomorphic to py- 7|/ — End(VA'), which 
itself is isomorphic to p'y : 7y End(V"y). Therefore, there exists a 
linear isomorphism -Z^^^: VI, Vx such that 

Pxo<^xAn = Li(, p'y{P') {Li(,)-' 

in End{Vx), for every P' G 7^,. 

By definition, these isomorphisms L^^, are intertwining operators 
between the isomorphic local representation p and p' of the quantum 
Teichmiiller space. 

Note that multiplying L^^, by a constant does not change the above 
property, so that the intertwining operators can be determined at most 
up to multiplication by a scalar. We will write A=B to say that the 
linear maps A and B are equal up to multiplication by a scalar. 

Actually, because local representations may have many irreducible 
factors, the intertwining operators cannot be unique even up to scalar 
multiplication unless we impose several additional, but natural, condi- 
tions. Defining a unique family of intertwining operators will require 
to consider all possible surfaces 5* at the same time. 

Theorem 20. Up to scalar multiplication, there exists a unique fam- 
ily of intertwining operators Ifxv ii^'dexed by pairs of isomorphic local 
representations p and p' of quantum Teichmiiller spaces T| of the same 
surface S and by ideal triangulations X, X' of S, such that: 

(1) (Composition Relation) for any three ideal triangulations X, X' , 
X" of the same surface S and for any three isomorphic local 
representation p, p' , p" of7g, we have that L^^„=L^^, o Lyy,; 

(2) (Fusion Relation) if S is obtained from another surface Sq by 
fusing Sq along certain components of dSo, if the representa- 
tions p, p' of the quantum Teichmiiller space 7^ is obtained by 
fusing isomorphic representations po, pg ofT^^, and if X, A' are 
two ideal triangulations of S obtained by fusing ideal triangula- 
tions Ao, Aq 0/5*0, then L^y=L^°^'?. 

For the Fusion Relation (3), recall that, when the local representation 
Px- ^x ^ End(VA) is obtained by fusing the local representation px^: 
Taq End(VAo); ^"^o vector spaces Vx and Vx^ are equal. 

We will split the proof of Theorem [20] into several steps. 
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We first restrict attention to the case of surfaces S whose compo- 
nents are polygons, namely closed disks with punctures removed from 
their boundary (and no internal puncture). Namely, we consider the 
restricted version of Theorem [20] where all surfaces S considered are 
disjoint union of polygons. 

Lemma 21. The conclusions of Theorem\2^hold if we restrict atten- 
tion to surfaces S which are disjoint union of polygons. 

Proof. The key property in this case is that, if 5* is a disjoint union 
of polygons, any local representation py.T^^ End(VA) is irreducible. 
Indeed, if 5* consists of c polygons with a total of p punctures, one 
easily checks by induction on p that 7\ is isomorphic to the algebra 
Ap^c defined by generators \ Bf^, B^^ , . . . , A^\^, B^\c^ 
H^^, . . . , H^^ and by the relations AiBi = q^BiAi, AiBj = BjAj if 
i 7^ j, AiHk = HkAi, BiHk = H^Bi. Very elementary algebra (compare 
[T2l Lem. 18-19]) then shows that every irreducible representation of 
= Ap^c has dimension N^~'^'^. This is also the dimension of any 
of its local representations. It follows that every local representation 
P\:7\^ End(VA) is irreducible. 

Since p\ and are irreducible, it is now immediate that the isomor- 
phism L^^, between px and p'^, is unique up to scalar multiplication. 

This uniqueness property implies that the intertwining operators sat- 
isfy the Composition and Fusion Relations. □ 

We now begin to prove the uniqueness part of Theorem [20] in the 
general case. Namely, suppose that we are given a family of intertwiners 
L^^, as in Theorem [20] We will progressively show that these are 
uniquely determined up to scalar multiplication. 

We first consider the case where A' = A. 

Lemma 22. The intertwiners are uniquely determined. 

Proof. Let Ti, . . . , Tm be the faces of A. By definition of local repre- 
sentations, there are representations pj : — > End(lj) of the asso- 
ciated triangle algebras such that the local representation px is repre- 
sented by the triangle representations pi, . . . if we formally consider 
a local representation as an equivalence class of m representations of 
the triangle algebra; in practice, we usually abbreviate this fact as 

P\ = Pl® ■ ■ ■ ® Pm- 

Each representation pj is classified by weights Xji e C* associated to 
the sides of the triangle Tj, and by a central load hj. Similarly, px is 
classified by edge weights Xi = xjiXki, where the edge Aj separates the 
two triangles Tj and T^, and by the central load h = hi . . . h^. The 
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local representation p\ is isomorphic to p\ and, by Corollary [7] is conse- 
quently classified by the same edge weights and the same central load. 
As a consequence, we can represent by a family of representations 
p'j : 1^, End(V^') such that each p'^ is classified by the same edge 

weights Xji and the same central load hj as pj. In particular, there 
exists an isomorphism Lj -.V-^Vj between the representations pj and 

P', 

We can now apply the Fusion Relation to conclude that =Li ® 
■ ■ ■ ® Lm- Since the isomorphisms Lj are unique up to scalar multi- 
plication by irreducibility of the pj, this shows that L^^ is uniquely 
determined up to scalar multiplication once we have chosen a realiza- 
tion of p by representations pj: 7^^ End(lj) of the triangle algebras 
associated to the faces of A. 

It remains to show that is independent of this choice. Other 
choices differ from this one by rescaling the images pj{Xji) of the gen- 
erators Xji of 7^, . Such a rescaling leads to the same rescaling of the 
corresponding pj{Xji), so that we can keep the same Lj. This concludes 
the proof of Lemma [22J □ 

We next consider the case where A and A' differ only by a diagonal 
exchange. 

Lemma 23. If X and A' differ only by a diagonal exchange, then the 
intertwiner is uniquely determined up to scalar multiplication. 

Proof. Split the surface S along all the components of A except for 
the diagonal where the diagonal exchange takes place. One obtains a 
square Q and m — 2 triangles T3, T4, . . . , T^, assuming without loss of 
generality that Ti and T2 are the two faces of A that are contained in 
Q. The ideal triangulations A, A' respectively give ideal triangulations 
Xq, X'q of Q, differing by a different choice of a diagonal for Q. 

The local representation px is obtained by fusing together a local 
representation pxg'. 7\q — > End(Vi®V2) and representations pj-. Tr^ —* 
End(V^) of the triangle algebras corresponding to T3, . . . , Tm- Since the 
quantum coordinate changes satisfy the Fusion Relation of Section l^?T| 
Px o is obtained by fusing together the representation p^g ° ^XqX' 

of T^, and the representations pj of the triangle algebras 7^^ . 

By Proposition [m P\q°^'{^x' isomorphic to a local representation 

p';(„ : Ta^ End(F/' ® V^'). If we set = ¥(' ®V^' ®Vs(^ ■ ■ ■ ® V^, let 

Px'- '^x' ~^ ^^^i^x') tie the representation obtained by fusing together 
Py^ and the pj with j ^ 3. Extend Px/ to a representation p" = 
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{p'Il'- '^1 ~^ ■^^'^(^M)}^gA(5') °f quantum Teichmiiller space by the 
property that p"^ = Pfj,ii n ^ A'. Another apphcation of Proposition [TT] 
shows that the representations p' and p" of the quantum Teichmiiller 
space are isomorphic, by a family of intertwining operators L^^ , . 



q 



If Lxq\'^: VI' Vi (g) V2 is the isomorphism between p^g °'^AqA' 
and py , the Fusion Relation shows that modulo scalar multiplication 

L^^, is just the tensor product of -^AqA'^ and of the identity maps of the 
Vj with j ^ 2. By irreducibility of paq (or Lemma [?T]) . the isomorphism 
L\q\'^ is unique up to scalar multiplication. It follows that L^^, is also 
unique up to scalar multiplication. 

Finally, the Composition Relation shows that L^y=L^^, oLyy. Ap- 
plying the uniqueness property of Lemma [22] to Lyy , we conclude that 
L^^, is uniquely determined up to scalar multiplication. 

However, we still have to check that this L^^, does not depend on 
the way we split px as the fusion of a local representation pxg of T^^ 
and of representations pj of 7^, with j ^ 3. The argument is identical 
to the one we already used in the proof of Lemma [221 D 

We are now ready to conclude the uniqueness part of Theorem [201 

Lemma 24. The intertwiners L'^y are uniquely determined, up to 
scalar multiplication. 

Proof. Any two ideal triangulations A and A' of the surface S can by 
joined by a sequence of ideal triangulations A = \^^\ X^^\ . . . , \^^~^\ 
A*^'^ = A' such that each A*^^-* is obtained from A*^^^^^ by a diagonal 
exchange. See [T21[2Sl[2n]- By the Composition Relation, we necessarily 
have that 

By Lemma [231 and [221 each L^yk)x{k+i) and Lyy are uniquely deter- 
mined. Therefore, L^^y is uniquely determined, up to scalar multipli- 
cation. □ 

We now prove the existence part of Theorem [201 The proof of the 
uniqueness tells us how to proceed. 

We first focus on the case where p' = p. 

Connect A to A' by a sequence of ideal triangulations A = \^'^\ \^^\ 
. . . , \^'-~^\ A^') = A' such that each A*^'^^ is obtained from A'^^^^^ by a 
diagonal exchange. 
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Let be the intertwining operator between p^ik) : T^jj.) — > 

End(V3^(fc)) and p^^ik+i): End(Vx{ft+i)) constructed in the proof 

of Lemma [231 The main property we need is the following: Index the 
faces of A^'^-' and A^'^^^-' so that the first two faces of each are located 
in the square where the diagonal exchange takes place, and so that for 
j > 2 the j-th face of A'-'^-* is equal to the j-th face of A*-'^^^-*; then, for the 
corresponding splittings Vxik) = Vi ® ■ ■ ■ and Vx(k+i) = Wi ® ■ ■ • ® 
L^^ik) x(k+i) is the tensor product of isomorphisms Wi(S)py2 Vi®V2 
and Wj — > Vj for j > 2. Namely, L^'^^.j^ffe+i) satisfy a Fusion Relation 
when we split S along all edges of A^'^-' other than the diagonal being 
exchanged. 



Define 



T pp T PP T PP T pp 



Lemma 25. The above intertwining operator V^x' ^^^^ '^'^^ depend on 
the way we connect A to A' by a sequence of diagonal exchanges. 

Proof. By a result of J. Harer [T9] and R. Penner |28j, any two such 
sequences A = A^, A^^), . . . , A^) = A' and A = A'(o), X'^^\ . . . , A'('') = 
A' of diagonal exchanges can be related to each other by successive 
applications of the following moves and of their inverses. 

(1) (Round-trip Move) if A^'^"^) = A('^+^), replace . . . , A^'^-^), X'^''-^\ 
AW, A('^+^), A('^+2), ... by ... , AC^-^), A(*^-i), A(*^+2), . . . ; 

(2) (Distant Commutativity Move) if the consecutive diagonal ex- 
changes in . . . , occur in squares Qk-i, 
Qk whose interiors are disjoint, replace these two diagonal ex- 
changes by ... , A^'^""^-', /i*^^-*, A^'^^"^^ where /x'-'^^ is obtained from 
AC^-i) by performing a diagonal exchange on the second square 
Qk+i (so that A'-'^"'"^-* is obtained from p,^^^ by performing a di- 
agonal exchange in Q^); 

(3) (Pentagon Move) replace . . . , A^''), ... by . . . A^'') = p^^\ p^^\ 
p^^\ p^^\ p^^\ p^^^ = X^^\ . . . where each /i*-*^ is obtained from 

by a diagonal exchange in a pentagon as in Figure [2j 

We consequently need to show that the L^^, remains unchanged un- 
der these moves. 

Consider the Pentagon Move, with notation as above. In particular, 
the Pentagon Move inserts a term Lj^^i)^,^) oLj^^^j^^gj oLj^^gj^^^, °^J!w^(5) <=> 
^I1^5)/.(6) i^^o expression giving L^^,. 

Let P be the pentagon where this move takes place. The surface S' 
obtained by splitting S along those two edges of p^^^ = X^''^ that are 
not in the interior of P consists of P and of n — 3 disjoint triangles T4, 
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Figure 2. The Pentagon Move 



T5, . . . , T„, corresponding to those faces of fi^^^ that are not in P. Note 
that each /i*^*) induces an ideal triangulation fi^^} of S'. 

By our observation above Lemma [251 can spht each of the rep- 



resentations p^(i) : T^ji) 



End(V^(i)) as a fusion of representations 



P (0 '■ '■>"(i) End(V (i)) in such a way that each each p (i) o , , 
is isomorphic to p^a+i) by the isomorphism L^'^.j^j-^^^j : V^(i+i) — V^co- 
As a consequence, the composition L^^, o L''^o^ o L''l^ o 



is an isomorphism between p (&) — p^{k) and 



p (1) o o o o o $^ 



(1) (2) 



(2)„(3) 



i9 



(5)„(6) 



^PuW ° *!(!)„(«) =P.(V =Pa(^)- 



Mo/ Mc/ 



By our analysis of the case of disjoint union of polygons in Lemma [2H 
the local representation p (k) is irreducible. Therefore, L''^^) 



JPP ^ tPP ^ tPP 



is a scalar multiple of the identity. 



This proves that the Pentagon Move does not change L^y up to 
scalar multiplication. 

The proof that the Roundtrip and Distant Commutativity Moves do 
not change L^^, is essentially identical, replacing the pentagon P by 
the one or two squares where these moves take place. □ 
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We have now defined L^^ for every A, A' and p, up to scalar multi- 
plication. 

Having considered the case where p' = p, we now turn to the case 
where A' = A 

If p and p' are isomorphic local representations of the quantum Te- 
ichmiiller space, Corollary [7] shows that, for every ideal triangulation A, 
we can choose the isomorphism L^^ : V\ between the correspond- 

ing local representations pa: 1^ End(VA) and p^: — EndiVl) to 
be tensor-split, namely to be an isomorphism of local representations. 
In addition, the proof of Lemma [22] shows that this L^^ is unique up 
to scalar multiplication. We henceforth make this choice for any such 

tPP' 

We now combine the two cases. 
Lemma 26. 

TPP „ tp'p' ^ rPP' „ rp'p' 
^XX' ° ^X'X' — ^XX ° ^XX' ■ 

Proof. It suffices to consider the case where A and A' differ by a diagonal 
exchange, in which case the result is immediate from definitions. □ 

In the general case, we now define L^y = L^y o L^fy = L^^ o 
for every p, p'. A, A'. 

To complete the proof of Theorem [20], we need to check that the 
just defined satisfy the Composition and Fusion Relations. These are 
automatic provided that we suitably choose the sequence of diagonal 
exchanges A = A*^"-*, A*^^-*, . . . , A^'~^\ A^'^ = A' connecting A to A', and 
using Lemma [2B1 

This concludes our proof of Theorem [20] □ 
In the intertwiner i^^A'' ^ ^'^^ data is actually redundant. In- 

deed, the following lemma shows that one does not need to know the 
whole representations p and p' of the quantum Teichmiiller space, only 
the parts that are relevant to A and A'. (The extraneous data is however 
required to guarantee uniqueness in the statement of Theorem [20|) . 



Lemma 27. Up to scalar multiplication, the intertwiner L^^^y : Vy Vx 
provided by Theorem\2^ depends only on the ideal triangulations A and 
A' on the local representations pa : — > End(VA) and on p'y, : T^, 
End(y(,) induced by p and p' . 

Proof. Let p" be another isomorphic representation, such that the in- 
duced local representation p'^ coincides with p^,, although p^ may be 
different from p^ when p 7^ A'. 



the identity by construction, so that L'^y =i^AA 



By the Composition Relation, L^^, =i^AA' ° -^a'a' ■ However, Ly ^ is 

pp" ^ T pp' 
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This proves that L^^, is independent of the p'^ with /i 7^ A'. 
By the same argument, it is also independent of the with p 7^ 
A. □ 



8. The Kashaev bundle 

We now investigate a construction which was suggested to us by 

Rinat Kashaev. It will require to select iV-th roots for the weights 
Xi G C* associated by an enhanced homomorphism to the edges of an 
ideal triangulation. 

8.1. Choices of A^— th roots. In the space of (conjugacy classes of) 
enhanced homomorphisms (r, {^^jTrgn), we consider a subset IX with 
the following properties: 

(1) every r G U is peripherically generic, namely realizes every ideal 
triangulation A; 

(2) for every edge Aj of an ideal triangulation A and for every en- 
hanced homomorphism r G U, we are given a preferred A^-th 

j_ 

root x^ for the weight Xi associated to Aj and r by Proposi- 

j_ 

tionHni and this root x^ depends continuously on r; 

_L J. _L ~ 

(3) the product x^ X2 ■ ■ - Xn of the A^-th roots associated to r G IX 
and to the edges of an ideal triangulation A depends only on r, 
not on A; 

(4) the space IX is invariant under the action of the mapping class 
group TTo Diff (S"). 

For Condition (3), recall that Lemma [T71 that the peripheral load 
X1X2 ■ ■ - Xn depends only on r, not on A. For Condition (5), note that 
it is immediate from the construction of shear-bend coordinates that 

There are several geometric examples that we have in mind. 

The enhanced Teichmiiller space. The first one is the case where U is 
the enhanced Teichmiiller space 7{S), consisting of those enhanced ho- 
momorphisms which are injective, have discrete image, and are valued 
in Isom'''(EI^) C Isom'^(E[^). In this case, the shear coordinates Xi are 
always positive reals, so that there is a well defined positive real iV-root 

x/' . This choice is natural enough that all conditions are automatically 
satisfied. 
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The cusped Teichmiiller space. A subset of the previous case, which 
occurs in many geometric contexts, is the cusped Teichmiiller space 
7c{S), consisting of those homomorphisms which have discrete im- 
age, are valued in Isom'*'(HI^) C Isom^(]H[^), and send each periph- 
eral subgroup of 7ri(S') to a parabolic subgroup of Isom"'"(E[^). The 
parabolicity condition implies that such a group homomorphism r ad- 
mits a unique enhancement. It also implies that the total peripheral 
load hr = X1X2 . . .Xn is equal to 1, so that its positive real A^-th root 

xC X2 ■ ■ ■ Xn is also equal to 1. 

The quasifuchsian space. The cusped Teichmiiller space is contained 
in a larger space Q3'(5') of quasifuchsian homomorphisms. The space 
Q3^{S) is the interior of the space of all homomorphisms r: vri(S') —>■ 
Isom'''(]HI^) with discrete image and sending peripheral subgroups of 
7ri(S') to parabolic subgroups of Isom'''(E[^). As such, this space arises 
is much of hyperbolic geometry. Again, a quasifuchsian homomorphism 
admits a unique enhancement. The space Q3^{S) is simply connected, 

so that the choice of positive real A^-th roots xf^ on 7c{S) uniquely 
extends to a continuous choice of complex roots on Q3^{S). Since the 
required conditions are satisfied on the cusped Teichmiiller space Tc(S'), 
they automatically hold over all of Q3^{S) by continuity. In addition, 

the A^-th root x^ X2 ... Xn of the total peripheral load /i^ of r G Q3'(5') 
is also equal to 1. 

The intrinsic closure of the quasifuchsian space. Finally, we can con- 
sider the intrinsic closure Q3^{S) of Q3^{S), defined as follows. The 
technique of pleated surfaces shows that the space of enhanced homo- 
morphisms is a manifold on a neighborhood of the closure of Q3^{S). 
Endow this neighborhood with an arbitrary riemannian metric, and 
endow QF(5') with the metric for which the distance between r and r' 
is the infimum of the lengths of all curves joining r to r' and completely 
contained in Q3^{S). Then, Q3^{S) is defined as the completion of Q3^{S) 
for this metric. One easily sees that, up to homeomorphism, this in- 
trinsic completion is independent of our initial choice of a riemannian 
metric. This intrinsic closure is different from the usual closure because 
of the phenomenon of "self-bumping" [271 H El ■ There is a natural 
projection from Q3^{S) to the closure of Q3^{S), which is one-to-one 
at most points; indeed, self-bumping can only occur at points with 
accidental parabolics, corresponding to non-peripheral curves that are 
sent to parabolic elements. The definition is specially designed so that 

the choices of A^-th roots xf^ over Q3^{S) continuously extend to this 
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intrinsic closure Q3^{S). Technically, Q3^{S) does not quite fit within 
the framework mentioned at the beginning of this section, because it is 
more than just a subset of the space of enhanced homomorphism, but 
the abuse of language will be convenient. 

j_ 

8.2. Explicit local representations. The A^-th roots xf" enable us 
to provide an explicit description of the local representation associated 
by Proposition[18]to an enhanced homomorphism r Eli and to a choice 
of global load h. They also provide us with a uniform choice for this 

global load h = ^x\X2 ■ ■ - Xn by taking h = q^^xl' X2 ■ ■ ■ Xn for some 
iV-th root of unity q^^. 

First fix a root of unity q^^ . 

Then, for every ideal triangulation A, choose a local representation 
Px-'yi^ End(yx) of its Chekhov-Fock algebra 0^ = C[Xf \ X^^,..., 
of A sending each to the identity Idy^ and sending the principal 
central element H to g^'^Idy^. Namely, the local representation p\ is 
classified by edge weights all equal to 1 and by the central load q^^. 
We will call such a representation q^^ -standard. 

Once we have made these choices, we can define a local representation 
Pxy- '^A ~^ End(\/A) for every r G IX, as follows. Let Xi, X2, ■ ■ - Xn E C* 
be the edge weights associated to A by r, and let , X2 , . . . , Xn he 
their A^-th roots specified by U . Then p^.r is defined by the property 

that p\^r{,Xi) = x^ p\{Xi) for the generator Xi associated to the i-th. 
edge of A. By construction, pA,r is classified by the edge weights Xi and 

by the central load h = q'^'^x^' X2 ■ ■ ■ Xn , in the sense of Proposition [61 
Namely, in the sense of Proposition [181 P\,r is classified by the enhanced 

homomorphism r G IX and by the A^-th root h = q^^x^ X2 ■ ■ ■ Xn of 
its total peripheral load hr = X1X2 . . . x„. 

The construction is specially designed that, for every enhanced ho- 
momorphism r G U, the family 

Pr = {pxy. n ^ End{V,))} ^^^^^^ 

forms a representation of the quantum Teichmiiller space, classified 
by the enhanced homomorphism r G U and by the A^-th root h = 

q^^xl' X2 ■ ■ - Xn of its total peripheral load = X1X2 . . . x„. 

8.3. The Kashaev bundle. In the construction of the previous sec- 
tion, suppose that we are given another family of g^'^-standard repre- 
sentations p\: T\ End(V^;[), classified by edge weights Xi = 1 and 
central load h = q^^. We then get a new representation p'^ of the 
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quantum Teichmiiller space. Theorem [20] provides a family of inter- 
twining operators i^^y'' : Vy — > V\. These intertwining operators are 
only defined up to scalar multiplication, but they induce a uniquely 
determined projective isomorphism P(L^y''): P(V^/) —>■ F{Vx). We can 
then interpret the Composition Relation in Theorem [20] as a cocycle 
condition defining a fiber bundle over IX. 

More precisely, given an A^-th root of unity q"^^, define 

%g2k{U) =\_\Ux F{Vx)/ ~ 

where: 

(1) A ranges over all ideal triangulations of S; 

(2) px ranges over all g^*^-standard local representation — > End(VA) 
of the Chekhov-Fock algebra of A; 

(3) P(Va) is the projective space of Vx] 

(4) the equivalence relation ~ identifies (r, v) G 'UxP(Va) to (r', v') G 
U X P(Vx';) exactly when r = r' and v = P(L^y'')(f '), where 
P(L^^^'') is the projectivized intertwining operator associated 
to any two local representations pr and p'^ of the quantum Te- 
ichmiiller space respectively containing px,r and p'x^ r- 

Note that P(L^'^^'') is independent of the choice of pr and by Lemma [271 
so that ~ is well-defined. Also, the Composition Relation is exactly 
what is needed to make sure that ~ is an equivalence relation, while 

the continuity of the roots xl^ guarantees that P(L^y'') depends con- 
tinuously on r. 

There is a well defined map ti: 3Cg2fc('U) XL which associates r G IX 

to the class of (r, G U x P(Va). 

If we fix an ideal triangulation A and a g^'^-standard local represen- 
tation Px- 1^ End(VA), the quotient map U x P(Va) — > %q2k{\i) is of 
course a homeomorphism. In particular: 

Proposition 28. tt : lXg2fe(lX) ^ XL is a trivial bundle, with fiber 

This may sound topologically uninteresting. However, the main 
point of the construction is that it is independent of any choice of 
A and px- As a consequence: 

Proposition 29. The action of the mapping class group 7roDiff(S') on 
IX canonically lifts to an action on 3Cq2k (IX) . 
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Proof. A diffeomorphism (p: S ^ S provides an identification "^^p^x '■ 

71 "^^(A) '^^ Chekhov- Fock algebras of A and ip{X). Consequently, 

a g^^-standard local representation px : Tl ^ End(VA) gives a g^'^- 

standard local representation : 7^ ^ Endiyi) with = V^(a) and 

P'x = PfW ° ^v,A- 

The^ action is now clear. With the notation of the construction ^f 

%q2k{'W), the action of ip & 7roDifT(5') sends the element of %g2k[U) 
represented by {r,v) G IX x P(Va) to the element represented by 

(^roy,^,F{Lf^%,){v))eUxV^^x). 

Here (p^^ denotes both the homomorphism 7ri(S') vri(5') induced by 
ip and its action on the possible enhancements. □ 

Theorem 30. If p E 7roDiff(S') fixes an element r G U, the action 
of the lift 3Cg2fc('U) — > %q2k{U) of p on the fiber TT^^{r) is uniquely 
determined up to projective transformation of this fiber. □ 

If we apply this to a pseudo-Anosov surface diffeomorphism and to 
the fixed point r G QJ'{S) provided by the complete hyperbolic met- 
ric of its mapping torus M^, this is the analogue of the construction 
that we used in [12], replacing irreducible representations by local rep- 
resentations of the quantum Teichmiiller space. If we represent this 
projective transformation by a matrix with determinant 1, its trace is 
equal modulo a root of unity to the invariant associated by Baseilhac 
and Benedetti ^ to the hyperbolic metric of M^. See [11]. 

Now, assume that, in addition, the action of the mapping class 
group 7roDiff(S') on It is properly discontinuous. For instance, this 
holds when IX is the enhanced Teichmiiller space 7{S), or the cusped 
Teichmiiller space 7c{S), or the quasifuchsian space Q9^{S). We can 
then consider the quotient spaces IX = IX/ttq Diff (5") and %g2k(U) = 
%^2k{U)/TToBm{S). 

Proposition 31. The map n: Kq2k{'W) —>■ li induced by n: %g2k(U) 
IX is an orbifold bundle map, with fiber . □ 

This bundle is non-trivial. For instance, there is an obstruction to lift 
a complex projective bundle to a vector bundle, which lies in the second 
cohomology group of the base with coefficients in the multiplicative. In 
the case of tt: %q2k{\i) IX, this obstruction is explicitly computed in 

[5J, where it is also shown that it is non-trivial for IX = 7{S), 7c{S) or 
Q7{S). 
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